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SUMMARY 19/7 4

The directional emissivity and directional reflectivity of a specular, gray,
isothermal groove are analy:ed. A general method of analysis based on images of
surfaces is given. The apparent directional emissivity, which is shown to be
equal to the apparent directional absorptivity for any isothermal cavity, is pre-
sented as a function of groove parameters and the emissivity of the material.

The apparent directional reflectivity is presented as a function of these pa-
rameters and the angle of incidence of the incident radiation. The results
indicate that the directional radiant properties are strongly dependent on the
shape of the local macroscopic surface structure, vhich is considered large rel-
ative to the wavelengths of the radiant energy. It is shown that the radiant
energy interchange between surfaces can be directed and controlled by proper de-
sign of these surfaces.

INTRODUCTION

In most analyses dealing with radiant interchange between surfaces, the as-
sumption is made that emission from surfaces is diffuse, that is, follows
Tambert's cosine law. Reflesction is assumed to occur in elther a diffuse or a
specular (mirrorlike) fashion. It has been stated in references 1 and 2 that
these are only limiting cases for real surfaces, and the actual angular distri-
bution of energy can vary widely from these simple cases. Reference 3 glves
integral equations that can be used to calculate the radiant interchanges for
surfaces with directional properties.

An important cause of the deviation of real surfaces from these limiting
cases of specular and diffuse reflection and diffuse emission is the local macro-
scopic surface profile. This profile may cause large discrepancles in measured
radiative properties of materials if the specimens used are not correctly pre-
pared so that the surface irregularities are small compared to the wavelength of
the radiation. The use of diffuse or specular surface properties in the calcula-
tion of radiant interchange can lead to gross deviations from the true case.

The present work is an effort to investigate these effects.

By intentionally shaping the surface structure so that known directional



radiation characteristics are obtalned, 1t is possible to influence the radiant
heat exchange between surfaces. For example, a heat sink for radiant energy
would be more efficient 1f it could have a high absorptivity in the direction of
a heat source and a low emilssivity in the direction of the cold environment. A
poor heat sink could be obtained by interchanging these characteristics.

A heat-emitting surface could be made to emit strongly in the direction of
a8 heat sink and weakly in other directions, and heat losses to the environment
would thereby be reduced. If a reflecting surface could be designed to reflect
strongly in any desired direction, energy could then be reflected to a specific
location. A use of thls type of reflecting surface is given in reference 4,
where a Fresnel reflector, a disk with concentric mirrored grooves, was used to
focus solar energy to a small area.

The configuration studied herein is a surface consisting of adjoining right-
triangular grooves, as shown in figure 1. The surfaces are assumed to be gray,
that 1s, with monochromatic wall absorptivity independent of wavelength and
therefore with total emissivity equal to total absorptivity. The present analy-
sis also applies at a glven wavelength for the nongray case, and the complete
solution would be obtained by summing the results at each wavelength over the
spectrum of interest.

There is radiation (from an emitter) incident on the surface at a given
angle. The reflections are assumed to teke place specularly at the surface that
is isothermal and that is assumed to emit diffusely. Assuming the surface emlts
diffusely and reflects specularly is not inconsistent with earlier arguments.

In reference 5, the net emlssion from a symmetric groove was calculated.
The present analysis differs in that 1t uses an asymmetric configuration and
examines the directional behavior of the emission, absorption, and reflection.

SYMBOLS
D distance between parallel planes
2
d FdA -aA shape factor
172

fn fractional part of unettenuated beam that is reflected out of
groove from 1mage surface n

H height of groove wall normal to base plane

I length of oblique or normasl wall of groove divided by H
(eq. (8))

L length of oblique wall

M,N 1imits of summation (eq. (21))

n image Index



I}

defines image of surface from which part of incident beam first
is reflected out of groove

energy per unit time

energy per unit area per unlt time

temperature of surface

distance along cbiique side of groove divided by H

distance slong normal side of groove divided by H

coordinate axils perpendicular to X and Y

absorptivity

angle between normal to X-surface and emitted beam

angle between normal to X-surface and incident beam

width of emlitter or receiver, respectively

emissivity

directional emissivity; ratio of energy emitted by groove and
incident on element in direction n divided by energy emitted

by flat, black surface to same element

angle between normal to base plane and beam to receiver,
6 +p - xt/2

angle between normal to base plane and incildent beam,
6+ p' - xn/2

direction of reflection of part of beam incident on X- or
Y-surface, respectively

open angle between walls of groove

inner boundary of beam reflected off image of surface n and
emerging from groove

aspect ratio; ratio of width of plane to distance apart for
parallel plane geometry (fig. 9)

distance along base plane divided by dlstance between plates

reflectivity



o, directional reflectivity for incident beam 7' reflected in
LR direction

a Stefan-Boltzmann constant

v angle between normal to Y-surface and emitted beam
! angle between normal to Y-surface and incident beam
Subscripts:

a absorbed

b black, € =1

AE-X from emitter to surface X

AE-Y from emltter to surface Y

E emitter surface

e emitted

1 lower 1limit of emitted beam (figs. 2 and 3)

1! lower limit of incident beam

max maximum

n=0,1,2. . .

surface image number (figs. 2 and 3)

1 upper limit of emitted beam

u' upper limit of incldent beam

w wall of groove

X=-AR from surface X of area HZX dZ to recelver
Y-AR from surface Y of area HZY dZ to receiver
= absorbing surface

£ position along base plane

ANALYSTIS

The surface analyzed is shown 1in figure 1 and consists of grooves of infi-
nite length. The short side of the groove is normal to the base plane and of
height H. There is some angle 6 between the walls of the groove. (The
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diagonal side is of length L = H/cos 0.) The surface of the groove 1s consid-
ered to be at temperature T, with a gray emissivity € . At the surface, the
emitted energy is assumed tc be diffuse, while the reflected energy is assumed
to be reflected specularly. The problem can be divided into two parts: (1) The
directional emission of energy from the grooves, and (2) the directional re-
flection and absorption of energy by the grooves for a given incident beam di-
rection. First, the directional emission is calculated.

DIRECTIONAL EMISSION

The rate of energy being emitted per unit area from the surface at tempera-
ture T, 1s qy. A receiver of small width AR, infinite in the z-direction,
is located so that it will intercept all the radiation leaving the groove by
emission within the angular increment that it subtends. The distance from the
receiver to the groove is considered to be large compared with H and L. The
energy incident from the environment is neglected.

This problem can be divided into three cases dependent on whether:
(1) Part of side X is visible directly to the receiver, but none of side ¥,
(2) part of side Y is visible directly but none of X, and (3) both X and
Y are directly visible. These cases are illustrated in figures 2 and 3 by the
broken lines.

Side X Directly Visible to Receiver

The power reaching the receiver directly from an infinitesimal element of
area HZ2 dX d7 on the part of side ¥ visible to the receiver is
qWH2 dX dZ szdX-AR' This same amount of power will be incident on the receiver
from every element along Z for X fixed. The relation for the cghape factor
dZFdX-AR is obtained from reference ¢ (eq. 31-58) and is

PPy pr = —3 B ag (1)

The angle R 1is shown in figures 1 and 2. Since gy and f are assumed to be
constant over the groove surface, the radiant power reaching the receiver di-
rectly can be written as

cOS -
Q0,xmrk = G 2B Ap HE 4z, - X)) (2)

where Xy and X; are the upper and lower limits of the X-surface seen by the
receiver, as shown in figure 2. Some of the power being emitted from surface Y
mey be reflected from surface X 1in the direction of the receiver. In figure 2,
the first image of Y is drawn as n = 1. The power arriving at the receiver
from surface Y after one reflection can now be assumed to be coming directly
from this image with its intensity reduced by the smount that would be absorbed
in one reflection. This power can be written as



cos B1
R, %2R = (1 - ey —5— ApH° az(X, 1 - X, ;) (3)

where Xu,l and Xz,l are the upper and lower limits of the beam from image
1, and B3 is shown in figure 2.

Also, some of the power being emitted from surface X is reflected from
surface Y +to surface X and then to the receiver. The X-surface image emit-
ting the power in this sequence is denoted by n = 2. In a like manner, images
of both X- and Y-surfaces for greater numbers of reflections are shown. If n
is even, the corresponding image is of the X-surface; and if n is odd, the
image of the Y-surface:

cos Bp
n,x-AR = (1 - &) oy - — AppH- AZ(Xy,n - X7,n) (4)

It can be determined geometrically from figures 1 and 2 that

By = B - né (5)

From figure 2, for those wall images whose emission completely covers the field
of view of the receiver, the upper and lower limits are

cos B
Xa,0 = o5 B cos(B - nB) (6a)

_cos(8 +
X = cosiB - 10) (6b)

However, for those images whose emission covers only part of the field of view,
that is, when

cosp .y .
cos 6 cos(B - nb) n (7)
where
1
s o O < 0,2,4, . . .
I = (8)
n 1; n =135 ...

Xi.n must equal I,. The last image viewed by the recelver can be defined as
3
N. For this case, I, 1s given by the largest value N that satisfies the in-

equality
cos(6 +
I >za§g_.% (9)

The field of vision of the recelver does not intercept any further images, and
no further energy is incident on the receiver after the N'B +term. The terms
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are summed up to the NEI term to obtain the net heat emitted to the receiver,
or

N
U-rR T Eo QU X-AR
n=

As pointed out before, these results apply when /2 - 6 > B > -G, that is,

when none of the Y-surface is seen by the receiver. Instead of B, an angle

71 may be defined as the angle between the normal <o the base plane and the out-
going beam in the direction of the receiver, as shown in figure 1, and 1is

n=0+3 - g (10a)
These results would then apply when

02n>—§ (10b)

Side Y Directly Visible to Receiver

For the case when none of side X 1s visible to the receiver, n must be in
the range

>0 >0 (11)

Iav] =

as can be seen in figure 3. The power reaching the receiver from surface Y 1is
cos V 2 .
Q0,Y-AR = Qv —5— Ay HE AZ(Y, - Y3) (12)

where V¥ is the angle between the normal to the Y-surface and the emitted beam
and is given by

ven-Z2 (13)

The power being emitted to the receiver from the nth  image can be seen from
figure 3 to be

cos V.
O, v-ar = (1 - e q, _z_ri AV, HE azZ(Yy n = Yy p) (14)

Figures 1 and 3 show that

Wl/n = Ilf + no (15)



cos ¥
Yu:n ~ cos(V + né (16)

_ cos(V - 6)
YZ;n " cos 6 cos(¥ + no) (17)

As In the case for the X-surface, when

cos V¥

>
cos(V + ng) ol

then

Yo,n = Innl (18)

and the series stops at term M, where M 1s the largest value that satisfies
the inequality,

I S cos(V¥ - 6)
M-1 7 Zos © cos(V + M) (19)
Both Sides X and Y Visible to Receiver
For this case,  must be in the range
6>n>0 (20)

The path of the beam for this case is shown by dashed lines in figures 2 and 3.
The emitted power to the receilver can be considered to come, in part, from the
X-surface and in part from the Y-surface. The power emlitted to the receiver
from the X-surface, after n reflections, is given by equation (4), where
X3,n = 0; and equations (5), (6a), and (7) still apply. The series will stop
for n =N where N <[(x+n - 0)5] <N + 1, because then the angle between
side Y and the image N + 1 1in a clockwise direction becomes greater than the
angle between side Y and the lower limit of the beam after it passes through
the vertex as in figure 2. Then the power emitted from image N + 1 will not
be seen by the receiver. The power to the receiver from the Y-gsurface emitted
from image n 1s given by equation (14) with Y, , = 0, and equations (1s5),

(16), and (18) still apply. This series stops whén n = M, where
M< E—é—ﬂ <M+ 1, as can be seen from figure 3, and was explained in the pre-

vious case.

Comparison with Flat, Black Surface

These results were compared with the emission from a flat, black surface of
ares equal to the base of one groove. For this case, the total energy reaching



over the groove. The rate of energy per unit ares leaving the emitter diffusely
is aqp. Again the problem can be divided into three cases: (1) Side X di-
rectly visible to the emitter, (2) Side Y directly visible to the emitter, and
(3) both sides X and Y directly visible to emitter.

Side X Directly Visible to Emitter

The power reaching side X directly Trom the emitter when
0>n' > - % (22)
as can be seen in figure 2 where $ 1is replaced by Pp', is
Qp_x = 9g Efégﬁi-A5' e dz(Xy = Xq1) (232)

The angle 7' 1is the angle between the normal to the base plane and the inci-
dent beam as shown in figure 1. Use was made of the reciprocal relation between
shape factors A F;_ o = AyF,_ 7 1in obtaining equation (23a). This is clearly
equal to the power that would be incident on an element of the base plane with
an area equal to the base of onc groove. Thus,

cos_n' ' 2

This will be reflected all or in part at a lower intensity to wall Y. Again,
the image of wall Y can be drawn as n = 1. The whole beam will continue to
be reflected until

cos B'
cos 6 cos(p’

~5757 > In' (23p)

where n' denotes the image where the incident beam is not intercepted com-
pletely but a part leaves the groove (fig. 2). The part of the energy reflected
off dmage n' - 1 and out into the environment is equal to some fraction of the
attenuated incident beam:

nt
(1-¢)"Q

AE-X (24)

U1, aB-x T Tx,ntol

The fraction of the unattenuated whole beam that will be reflected off image n
and out of the groove is defined as fn' Dividing by the magnitude of the inci-

dent radiation ylelds the directional reflectivity, which can be written as

(25)

where
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the receiver is

2 A
Qb,Ag-AR = Gy, dZ2 H~ tan © cos 7 7;

where Af 1is the groove-base width and is equal to H tan 6. Dividing the
emitted encrgy from the groove by the energy emitted from the black surface and
defining this ratio as €ﬂ yield the equations given previously, which can be
summarized as follows:

EW

N
& = - —”c_o_ﬁ(n {(1 - ew)n sin[n - (n + 1)9}(Xu,n - Xz,n)}

tan & =0

M
-y [(1 - &))" sin(n + ne)(¥y 5 - Yz,n)]> (21)
n=0

where N and M are the maximum values of n considered in their respective
series.

(1) For 0> 1 > -n/e:

Tu,n = Yy ni Xu,n is given by equations (6a) and (7); Xy o bY

equation (¢b). The series stops for n = N, as given by equation (9).
(2) For =n/2 > > 61

Xu,n = Xl,n3 Yﬁ,n is given by equations (16) and (18); YZ,n by

equation (17). The series stops for n = M, as given by equation (19).
(3) For 6 > n > Ot
Xz,n = Yz,n = 03 xu’n and Yu,n are given in items (1) and (2). The

series stop for N and M given by

N < (E;t%};;£9<ZN + 1

M<(.’.‘._é.ﬂ><M+l

DIRECTIONAL REFLECTION

In this section, the direction and magnitude of the reflection of an inci-
dent beam from a groove are analyzed., There is an emitter of width AE infinite
in the Z-direction radiating to the groove. The angle between the normal to the
surface X and the incident beam 1s B'. The emitter is far enough away com-
pared with the lengths of H and I so that pB' can be considered constant



Xu’,n'-l - 7\-Xjn'-l

f 1. = (26)
X,n'-1 Xu’,n'—l - XZ',n'-l
and kx,n'-l is shown in figure 2 and is equal to the inner boundary of the
beam that is reflected from image n' - 1 and out of the groove.
The direction in which this beam will be reflected from the groove 1s
MX.n'-1 and can be obtained geometrically from figure 2 as:
2
t+ 1" - (n+ 1)6; n=1,35...
My o = (27)
’ -n' - x4+ (n+ 2)6; n=0,2,4, « . .
If
cos(6 + B) > 1,
cos(R' - n'e)
then
cos(0 + B')

%X,n‘-l - cos[B' - (n' - 1)0]

and this will be the only beam reflected from the groove. Otherwise, it can be
seen geometrically and by use of equation (6a) that

cos(B' - n'6)
%X,n'-l = In' cos{p' - (n' - 1)6]

(28)

The directional reflectivity of the next beam that will be reflected from the
groove 1s

o+l
(60 pnr = Txpur (L - &) (298)
where
I B ?\X 1
fo = n 20 (29v)
x,m Xu',n' - XZ',n'
If
cos(8 + B')
> I 30
cos[p! - (n' + 1)6] n'+l (20)
then
5 _cos{6 + p")
X,n' = cos(B' -n'g")
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and this will be the last beam radiated from the groove. Otherwise,

cos[B' - (n' + 1)g]

%X,n’ = Inria cos(B' -~ n'6)

In this case, the direction of the emitted beam is Ty e
J

The directional reflectivity of the next beam can be obtained similarly as

n'+2

ont ey = Txonran(t - &) (51e)
where
u',n'+l ltyn'+l
If
COS[E?SEQQBL)Z)@] 7 Int4z (52)
then
M,n'+l = cos(0+ p)
; cos[p' - (n' + 1)6]
and this is the last beam reflected from the groove. Otherwise,
AX T cos[B' - (n!' + 2)¢]
,n'+l n'+2 cos[p' - (n' + 1)6]
The direction of the emitted beam leaving the groove is now n This pro-

n'+1°
cedure is carried on until X,

cos{(6 + B')
cos(B' - n@) > In

Side Y Directly Visible to Emitter

The energy reaching side Y directly from the emltter for the case when
n/2 >n' > 6, as 1llustrated in figure 3, with the angle symbols now primed to
denote the in01dent beam case, is

' 2
Qpp-y = 9 -CO—SZLA\V' B dZ(Y,, - Y1)
t
=qEE’-§2-l-An' 47 HZ tan o (33)
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The egquation for V' 1s given by eguation (13), with n replaced by n'. This
is also the energy that would be incident on an element of the base plane of area
equal to the base of the groove, as written in the second equality of equa-

tion (33).

As seen in figure 3, the whole incident beam will be reflected internally
until

cos ¥ S T
cos(V + n'o)

n'+l (34)

where I, igp  is the length of the n' image and Yy pr and YZ' are
given by equations (1) and (17), respectively, with W replaced by W' The
part of the attenuated incident beam that will emerge divided by the incildent
radiation given by equation (33) 1s

(an,n)nl_l = fY,n'—l(l - ew)n‘ (35a)
where
Fy o = ip' n'-1 ?Y n'-1 (350)
u',n'-1 = 31t n'-1
If
cos ;Oigg(& i)n'6y7> In'-
then
X _ cos(¥ - ©)
Y.n'-1 7 o5 6 cosl¥ + (n' - 1)6}
and this will be the last emerging beam. Otherwise, it can be shown from
figure 3 and equation (1) that
\ ' 5 cos(y + n'g) T
Tor= - cosy + (n™ - 1)e] '+l (37)
The direction of the reflected beam from the groove is ﬂY,n’—l where
-1’ - né + x n = 0,2,4,6, .« . .
Tn T 1 -+ (n+ 1)6; n=135 ... e
The directional reflectivity of the next beam reflected from the groove 1s
(6pr dnr = By (1 - )07 (38)

where
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fY,n’ - Yﬁ',n' _ YZ’,n’ (39)
Again, if
cos{V - 0) ST
cos ¢ cosl¥ + (n' + 1)6] n'
then
AY,n’ = cos(V - &)

cos 6 cos(V + n'e)
and no further beams will be reflected from the groove. Othervise,

_cos[p' + (n' + 2)6]
7\Y,n’ ~cos[B' + (n' + 1)g] n'

(40)
The direction of this beam will be Ny gt
b

The next beam reflected from the groove would have directional reflectivity

(pn’,n)n'+l - fY,n'+l(l - ew)n,+2 (41)
where
Ty,nt+1l = 5 . U TYin'ﬂ (42)
u',n'+l 1',nt+l
If
cos ¢ cz:?iw+—(ig + 2)o] 7 Tl
then
X\ _ cos(y - 6)
Y,n'+l 7 o5 6 cos[y + (n' + 1)e]
and no further beams will be reflected from the groove. Otherwise,
'
Mo+l = EZ:ES, i Eﬁ: : Sig} n'+l (43)

The direction of this beam is Ny.p'+1+ The procedure is carried on in this
B

manner until

14



cos(¥ - 8)
cos 0 cos(V + no)

> Iats

Both Sides X and Y Visible to Emitter
For the case in which the incoming beam is between the angles 6 > ' > O,
both sides of the groove are illuminated. In this case, the problem is dlvided
into two parts, as illustreted by the dashed lines in filgures Z and 2.

The power reaching sice X 1s glven by

cos B' 2
GZE,X = 4g > AT HT 37 Xy (44a)

The part of this beam emerging from the groove is

Xut,n'-1 - X3',n'-1 '
s 2 L n
Qn'-1,AE-X = Ty nio1 ST (1 - )" Qar-x (44b)

If equation (44b) is divided by the value of the total incident radiation, which
is given by equation (ZSa), the following result 1s obtained:

(Xgt,n'-1 = X31,n'-1) Xy

=71
Xu',n’-l (Xu‘ - X0)

(44c)

( 1- )

pnv,n)nr_l X,I’l’—l (
which reduces to equation (25). Equations (26) to (28) still apply. Each term
is calculated as before, except that the test to determine the last beam is
changed. The terms are found until the N' ©Dbeam is reached, where N' 1s de-
termined from

LI, .
yro< { L O < x4 1 (44d)

This relation is the same as that obteined in the emlssion solution for the case
vhere © > 1 > 0, with 7 replaced by n'. The image N' + 1 1is the first
image not in the path of the incident beam, as shown in figure 2; then

XZ’,N' = 0, and there are no Curther beams reflected from the groove. For the

Y-part, a similar procedure is followed. Again, equations (35) to (43) apply
except for the test for the final beam. The beams reflected from the groove are
found until the M' beam for which YZ’ mr = 05 where M' 1s determined from

2

M' < (ELigéll) <M+ 1 (45)

as in the emission solution. The image M' + 1 1s again the first lmage not in
the path of the incident beam, as seen in figure 3.



RESULTS AND DISCUSSION
Fmission Results

The directional emissivity for some representative cases is plotted in fig-
ure 4, The radial coordinate €q 1is the energy emitted from one groove at an
angle 1 from the normal of the base plane divided by the energy that would be
emitted in that same direction by a black surface of area equal to the base of
the groove. The angle 6 between the groove walls and the emissivity of the
wall material €, are shown as parameters.

The directional emissivity tends to peak at 17 = 6/2. The value of e,q at

this angle is much higher than the wall emissivity €, The smaller the angle

¢ between the groove walls, the closer the directional emissivity approaches
that of a black body for the range 0 <7 < g. TFor large open angles of & this
effect is not as pronounced, and for 6 of 75° the peak directional emissivity
cccurs at an 1  higher than 8/2. This phenomenon is a result of the large
specular reflection of the radistion from the diagonal wall off the wall normal
to the base plane.

For n of large negative values, where the receiver sees only the tip of
the diagonal surface, the directional emissivity is the same as the wall material
€, because there is no additional reflected radiation in that direction.

For large positive values of 1, the curve of € tends to be constant at

a value higher than the wall emissivity because of the geometry chosen, which
causes at least one wall image to emit to the receiver.

Figure 5 shows the result of multiplying certain of the curves in figure 4
by cos n. This operation gives the radiation emitted in the direction 1n com-
pared with the radiation emitted normal to the base plane by a black surface of
area equal to the base of the groove. It can be seen that the angle of peak
emission is shifted away from n = 0°.

Reflection Results

The directional reflectivity pn, N for a fixed wall emissivity €, of
J

0.1 1s plotted in figure 6. These results are shown for various angles of groove
opening 8.

The labeling of these curves can be explained by looking at figure 6(c).
The radial scale from O to 1.0, lsabeled png,n, is the magnitude of the reflected

beam divided by the magnitude of the incldent beam for one groove. The outer
angular scale labeled n 1s the angle of the reflected beam. The inner angular
scales lsbeled (n',X1), (7',¥2), and so forth, dencte the angle of the incident
beam 7'. The X1 refers to the solid curve 1 and signifies that the reflected
radiation is from a beam incident on the X-surface. The 1 means the number of
times the beam 1s reflected before 1t emerges from the groove. The Y2 refers to
the dashed curve 2 and signifies that the reflected radistion is from a beam
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incident on the Y-surface. The 2 means the number of ref}ections the incident
beam underwent before it emerged.

As an example, for an incident angle of 7' Tetween -90° and -30°, the en-
tire beam will emerge in the directicn 1 betweern 20° and -30° after one re-
flection. The label (n',X.L) refers to the incident beam from angle 7', which
illuminates surfaceo X and emerges after one reflection. For an incident angle
of 7' between -30" and 0", two beams will emerge from the groove (fig. 6(e)),
since this range of incident angles can be found in both (7',X1) and (n',X2).
This is true because part of the beam reflected from the X-surface 1s intercepted
by the Y-surface. This part emerges from the grocve after two reflections with a
reduction in power due to rhbsorption in the additional reflection. The re-
mainder is reflected out directly.

For incident beams with 7' Ybetween 0° and EOO, part of the beam is re-
flected directly, part after two reflections, and the remainder after three
reflections, as is shown by the n' in this range that appears on the (n',X1)
(n',%X2), and (n',X3) scales. The radiation incident on the X-surface from 7'
of 300 to 60° will be refli cted out only after three reflections, as shown by
the fact thet this range appears only on the (7',X3) scale. For n' from 60°
to 909 there will be no radiation incident on the X-surface.

If the incident beam on the Y-surface is now considered for n' of 60°
to y0°, as shovn on the scale (n',Y2), it can be ceen from curve 2 that the en-
tire beam will be radiated out of the groove after two reflections in the di-
rection 1 from 0° to SOO, respectively. For a Team of 7' between 30° and
600, only part of the beam will radiate out after two reflections. The rest
will emerge after three reilections, indicated by this range of 7' that ap-
pears on the (7',Y2) and (1',Y¥3) scales. The power incident on the Y-surface
for 7' Yetween 300 and 0 will emerge from the groove only after three reflec-
tions. For 7' less than 0°, no beam is incident. on the Y-surface.

To illustrate the use of the curves, the reflected beams from an incident
beam with 7' = 15° are shown in figure 6(c). The magnitude and direction of
each emerging beam are showm by the four outward pointing arrows. One in the
direction 1 = -75° with n magnitude of 0.241 emerges after one reflection.
Another part of the incident beam is reflected in the direction 1 = 75° with a
magnitude of 0.217. This beam emerges after two reflections. Finally, there are
two beams at 1 = 45° with magnitudes of 0.226 ard 0.113. These will be radi-
ated out after three refle-:tions. The sum of thece reflected beams 1s 0.797.
The value of the directlonal emissivity e is 0.203 for the same groove param-
eters considered in the pr:ceding example Qnd for an n of 15°. As shown and
discussed subsequently, th: directional absorptivity op: 1s equal to the di-
rectional emissivity ey, where €., 1is the emissivity in the direction of the

incident radiation. Then the sum of the reflectivities 2: ‘%V n plus the
)

n
emissivity e€,+ 1s 1.0. 'This relation was used to check the numerical calcula-

tions and is shown to be true in the previous example.

Figure 6 shows the effect of groove-wall angle 6. For larger values of &,
there are fewer internal reflections. When 6 approaches the limiting value of
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900, the surface approaches the behavior of a flat mirror, as shown in fig-

ure 6(a) for 6 of 8979°. As 6 decreases, there are more internal reflections
causing greater absorption of the incident radiation and a larger number of re-
flected beams from a given incident beam, which is shown for & of 30° in fig-
ure 6(b). For very small angles of 6, the incident beam is almost completely
absorbed as a result of the many internal reflections, except for 1n' approach-
ing 90°. For these cases, the reflected beams will be in a direction n close
to +90°, as shown in figure 6(a) for a € of 1°.

In figure 7, the groove geometry is the same as in figure €(b). The wall
emissivity is now €, = 0.0l rather than 0.1, which results in curves similar in
shape but greater in magnitude than those in figure 6(b).

DIRECTIONAL ABSORPTIVITY

The directional absorptivity Qg can be shown to be equal to the direc-

tional emissivity € when 7' 1is equal to 7 for any isothermal cavity as

follows: An isothermal enclosure with black walls is shown in figure 8. Dis-
regarding dAgp,, there is within the enclosure a black elemental surface of
area dAp; ang another body containing a cavity of arbitrary shape and an aper-

ture of area dAC. The radiative characteristics of the internal surface of the

cavity are arbitrary. All bodies and surfaces are at temperature T. The radia-
tion emitted from the black element and absorbed by the cavity is

2
Qp1-c = oc,n%p 47Fp1_c d4p (48)

where szBl—C is the shape factor from the element to the cavity aperture.
The energy emitted from the isothermal cavity and absorbed by the black element
is

_ 2
Qc-B1 = €c,n% 4Fo.m dA¢ (47)

which can be written as

~ 2
Q-p1 = €o,n% 4T My (48)

by using the reciprocal rule for shape factors. ZFrom the second law of thermo-
dynamics, no net heat can be transferred between these two bodies, since they are
at the same temperature. FEquating QBl-C to QC-Bl gives

€ =q (49)
This relation can be used to check the calculations for the grooves. The
difference between the power of the incident beam from direction n' and the

power of the sum of its reflected beams is the power absorbed by the groove,
which can be written as
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1.y, o = O (50a)
]
From equation (49), this becomes
€ + =
n' 2 Oprgg =1 (50b)
1
which was used as a check of the numerical calculations.

RECIPROCAL RELATION FOR REFLECTIVITIES

The reflectivity of an isothermal cavity for a given beam path is related to
the reflectivity of the cavity for a beam path in the opposite direction. This
can be shown as follows: From figure 8 and as discussed previously, the power
incident on the cavity aperture from black element dAps 1is

~ 2 _ 2
Qpp-c = @ dbpy ¢“Fpp_ ¢ = I 4°Fo_py dAg

A fraction op_, of this ¢ reflected to dABl' Following the opposite path,
the power reflebted to dAgp, from dAgp) is

¢ dA,. GZF - g dA, a%F

v Y4Bl ¢ FBL-CPq pr T % e Te-BlPn,q!

Since the two bodies are at the same temperature, there can be no net heat ex-
change. The direct interchanges between dAp; and dABZ are equal. It fol-
lows that the reflected interchanges must also be equal, and

z aep (51a)

Py, Y2 = Py,nt ¢ Fe-mL

which, for the grooved surfaces, becomes

CcOos

Pqr,n = Poynt Cos 7 (51b)

TILUSTRATIVE EXAMPLES FOR DIRECTIONALLY
EMITTING SURFACES

The following example illustrates the advantages of using surfaces with
directional radiative properties for energy absorbers. Consider two parallel
planes of width I infinite in length and separated by a distance D, as shown
in figure 9. The emitting surface is black and at temperature Ty,. The absorb-
ing surface is at temperature T,, and has a directional absorptivity gyt The
effects of enviromment are neglected.
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The net power removal from the absorbing surface to maintain a constant T,
is the difference between the absorbed and emitted powers. The rate of energy
absorbed from the black surface is

= N

Qe g = ng = Db~ qn, cos n' dn']de (£2)
o) n!
1

The angle ni and né are the limiting angles shown in figure 9 and are
ny = -arc tan( &) (53a)
N4 = arc tan(z - &) (53b)
The power emitted from the absorbing surface is
= /2
4 D2 AZ

Ue= T, T3 en cos M dn)dt (54)
0 -n/2

The power that must be removed from the absorbing surface to maintain con-
stant T, divided by the emission from the black surface is

= n.
q Q T\ - 2
_E = ___751___ =11 =~ (-ﬂ) ;é %, COs 7' dn'jdég
q'b g TgD = A7 Tb 2 il
0] ni

o

=) ' /2
1 [T\ ! /
- e — =
7= \ T + (eq cos n dn)fde  (s5)
O - 14
>

/2

and qG/qb can be called the absorption factor.

In some cases, it is desirable to maximize the power absorbed by the absorb-
ing surface. If Ty/Ty, is less than one, the first term in equation (55) is
always positive, while the second term is always negative. To maximize the
energy absorbed, the positive term must be maximized, while the negative term
must be minimized. This would be achieved if a.1(¢) were unity in the range
na(g) > n' > ni(g) and zero for other angles. A surface with this absorptivity
will be called™a "perfect" absorber. A surface with characteristics approximat-
ing those of a "perfect" surface is anaslyzed in reference 7. The directional
absorptivity for some € on such a surface is shown in figure 10. This results
in a maximum possible absorption factor of
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q : T \# 2.1/2
<_G) - _E [1 - <T_ (1 +E?11/L -1 (56)
91/ may - b

For some grooved surfaces the directional absorptivity can be closely rep-

resented by a simple functional relation. The function S 0.8% cos ',
as seen in figure 10, and labeled grooved emitter, closely approximates the di-
rectional emissivity for a & of 1° and an €, of 0.0l as shown in figure 4(a).

Using this relation in equation (55) yields an absorption factor of the form

4G 0.83 Tor\*
— = [ar‘c tan - (—T;) -2-] (57)

qb
For purposes of comparison, the absorption facwor for a diffuse gray sur-
face of absorptivity ap = ¢, 1is calculated and is

4
e (1 + :52)1/2 -1 -(—T¥3’-> = (58)

Gy, K Tb

1]

A comparison of the absorption factors for these three types of surfaces 1s
shown in figure 11. The dash-dot curves show the power that willl be absorbed by
a perfect absorber divided Tty the emission per unit area from the black emlitting
surface qy. The solid curves show the power that would be absorbed by a
grooved absorber divided by ap. The dashed curves show the power that would be
absorbed by a black surface divided by Qe Multiplying the letter family of
curves by o, will give the absorption factor for a diffuse gray surface of
that absorptivity.

The net heat absorbed ty the perfect absorber is always positive, since 1ts
emissivity is zerc to the ccld environment. This 1s not true for the other two
surfaces, where the power atsorbed 1s negative for small values of =, since
these surfaces are then losing more heat to the environment than they are gain-
ing from the emitting surface. The perfect absorber 1s always absorbing more
heat than +he other surfaces; however, for very large values of =, the model
approaches the case of radisnt heat transfer between infinite planes. For the
case of the diffuse surface, if its ebsorptivity is one, 1t will absorb as much
heat as the perfect absorber. For an absorptivity less than one, the curves for
the diffuse surface are reduced in magnitude by the factor «,; and, thus, for
large = the diffuse surfaces would absorb less than the perfect absorber. The
comparison of the diffuse absorber with the grooved absorber shows that for small
= the grooved sbsorber has & greater heat abrorption, but this is reversed for
the larger values of =; however, since the diffuse solution must be multiplied
by a,,, for small values of a, the grooved absorber can sbsorb more heat for
large < than the diffuse sbsorber.

To illustrate the advartage of surfaces with directional radiating proper-
ties in radiating energy directly to a heat sink, an example similar to the pre-
vious one may be used. By using figure 9 but now considering the directicnal
surface to be at a higher temperature than the black surface, that is,

Tw/Tb > 1, the directional surface will be emitting to the black surface. The
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fraction of the net power supplied to the emitting surface that is incident on
the heat sink can be calculated as follows: The net power being supplied to the
emitting surface is given by equation (55). The net power incident on the black
surface divided by the emission from the black surface is

—t

4 p .
Qb G 1 (Tw) 2

==X €,1 cos n' dn'\dst (59)
ort oz 08 2 \Ty "

1
Ny

Then the ratio of power incident on the black surface to the power supplied to
the emitting surface is

4 pn né

_— € cos n' dn'jdg
. Ty, n'
0 N4
o - 7 - - , (50)
G e [C = 2
——— - 1 t
(?b) €y cos 1 dn\deg en, cos n' dn'|dg
0 (0] 1
-n/2
/ n

This can be maximized by using a perfect emitting surface to give

Q

(J&) I (c1)

8o /u (Tb>4

1l - T
W
For the case of the grooved emitter, the ratio of power incident on the
black surface to the power added to the grooved surface is
4
Ty, —
Q (T—> arc tan =
bG _ b (62)

Q 4
= | = - arc tan -
2 Tb

The ratlo of the power incident on the black surface to the power supplied to a
diffusely emltting gray surface is

& o (%)4[(1 R A 1]

o,f (63)
Q 4
t [(1 L) (T_W) :]
T
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A comparison of these three types of emitting surfaces 1s shown in fig-
ure 12. The dash-dot curv:s are the power incidert on a black surface from a
perfect emitter divided by the power supplied to the directional surface Q.
The solld curves are the power incident on a black surface from a grooved
emitter divided by Q. The dashed curves are the energy incident on a black
surface from a diffuse surface divided by the power supplied to the flat surface.

The power incident on the black surface from the perfect emltter is seen
always to be greater then for either of the other two surfaces for a given
temperature ratio. Similarly, the power incident on the black surface is
greater for the grooved emitter than for the diffuse surface for any given
temperature and aspect ratio.

Equilibrium Temperature of Directionally
Absorbing Surfaces

It would be of interest, in comparing the different types of surfaces as
absorbers, to calculate the equilibrium temperatures of these surfaces with the
assumption thet no heat is added except by radiation. This equilibrium tempera-
ture (Tw)eq can be found from equation (55) by setting gy equal to zero.

This gives

—
=

nl

- 2

f f en| cos n' dn'|dg
0 -

1

o /2
f €, cos 1 dn\dg

eq ) -f
0 /2

where the ratio of Integrals 1s defined as the gbsorption efficiency. From
equation (56), the absorption efficiency for the perfect absorber is

4
T
<.T1f.> 1 (55)
b/ eq
For the grooved absorber from equation (57),

4
(?w) _ 2 arc ten =

o = 66
Tb eq i ( )
and for the gray diffuse absorber from equation (£8),
1/2
(&)4 NCES AL (67)
T eq -
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The absorption efficiencies for these surfaces are shown in figure 13. For
the perfect absorber, the zbsorption efficiency is cne for all values of =,
This means that the absorbing surface attains the same temperature as the emit-
ter., The grooved absorber and the diffuse absorber have lower absorption ef-
ficiencies and, therefore, lower equilibrium temperatures for small = but
approach one for large =. The grooved @bsorbers have higher absorption ef-
ficiencies than the diffuse absorbers,

CONCLUDING REMARKS

By this analysis, the large effect of small surface irregularities on the
radiation charscteristics of materials has been shown. Since the wavelengths
for thermal radlation are very small, the size of the grooves that can cause
these effects can also be very small. The present results show that there can
be very significant differences between apparent properties and the actual prop-
erties of the material. Great care must be exercised in proper surface prepara-
tions when an attempt is made to measure radiative properties.

The results indicate that the directional radiative properties of surfaces
can be controlled by design. It is possible, therefore, to increase the ef-
ficiency of radiation exchange by design of the local macroscopic surface
structure.

It has salso been shown that the directional emissivity of any isothermal
cavity is equal to the directional absorptivity of the same cavity and that the
reflectivity of the cavity for any path is related to the reflectivity of the
cavity for radiation in the opposite path.

The idealized surface, the "perfect" absorber, can be closely simulated by
a groove with perfectly reflecting specular walls and a black base, as 1s shown
in reference 7.

Lewls Research Center
National Aeronautics and Space Administration
Cleveland, Ohio, April 18, 1963
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~Black wall

Enviromment at 0° K

~Grooved wall

/ with directional

I emissivity (eqt)

/  equal to directional
absorptivity (aﬂ')

Figure 9. - Radiant interchange between a flat, black wall and a grooved surface.
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Absorption factor
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